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Abstract 
We construct a functor, which we call the topolo~cal Radon transform, from a category of 
complex algebraic varieties with morphisms given by divergent diagrams, to constructible func- 
tions. The topological Radon transform is thus the composition of a pull-back and a push-forward 
of constructible functions. We show that the Chem-Schwartz-MacPherson transformation makes 
the topological Radon transform of constructible functions compatible with a certain homological 
Verdier-Radon transform. We use this set-up to prove, given a projective variety X, a formula 
for the Chem-Mather class of the dual variety in terms of that of X. @ 1997 Elsevia Science 
B.V. 
1991 Math. Subj. Class.: 14C17, 14ElO 
0. In~~uction 
Recently, many mathematicians have been working on Radon transformations 
[3,5,7, 8, 191. In [3] Brylinski deals with topological Radon transformations of con- 
structible sheaves. Viro in [19] and Emstr6m in [7, 81 deal with topological Radon 
~ansfo~ations of cons~ctible functions, in the set-up of the following diagram: 
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where Grk(PN) is the Grassmannian of k-dimensional planes of the N-dimensional 
projective space, Ik is the point-k-plane incidence variety of PN x Grk(PN) and p and q 
are the restriction of the projections. In this paper we consider Radon transformations 
of constructible functions and of homology classes. 
The Radon transformation treated in [7,8, 191 is the homomorphism 
F(PN) ---f F(Grk(PN)) 
from the abelian group of constructible functions on PN to that on Grk(PN), defined 
by the composite q* o p* of the pull-back p* : 9(PN) -+ F(Ik) and the push-forward 
q* : F(&) -+ 9(Grk(PN)). The functor F, assigning to a variety X, the abelian group 
F(X) of constructible functions on X, is both covariant and contravariant. Namely, 
the functor LF is covariant with respect to push-forward, and contravariant with re- 
spect to pull-back. The topological Radon transformation q* o p* mixes both covariant 
and contravariant natures. In this paper we introduce a category of varieties, whose 
morphisms are isomorphism classes of pairs of maps X +- A4 --+ Y, and we capture 
the topological Radon transformation as a covariant functor from this category to the 
category of abelian groups; i.e., we show the following. 
Theorem A. There is a category Div of compact complex algebraic varieties and 
there is a covariant functor k ~~~~ : Div -+ Ab from the category Div to the category 
Ab of abelian groups such that 
(i) for a variety X, gRad(X) = 9(X), is the abelian group of constructible func- 
tions on X, 
(ii) for a morphism f E HomniJX, Y), FRad(f) : F(X) -+ F(Y) is the Radon 
transformation. 
Also, we introduce the notion of a homological Verdier-Radon transformation on 
smooth varieties, which is closely related to the topological Radon transformation via 
the Cherr-Schwartz-MacPherson transformation C* [2, 141. In fact, we show the fol- 
lowing result. 
Theorem B. For a divergent diagram a : X 8 M 5 Y, where X, M and Y are smooth 
and p : M -+ X is Euler, the following diagram commutes: 
Here HVeRad(a) : H*(X; h) -+ H*(Y; H) is the homological Verdier-Radon transfor- 
mation. 
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We use Theorem B to generalize the Plucker formula in [7,8]. This formula can be 
interpreted as a formula expressing the O-dimensional component of the Chem-Mather 
class of the k-dual variety of tangent k-planes of a variety X in PN, denoted X@) in 
Grk(PN), via the O-dimensional component of the Chem-Mather class of the variety 
X. Our generalization gives a formula expressing the total Chem-Mather class of the 
k-dual variety Xlk) via the total Chem-Mather class of the source variety X. 
I. The divergent category 
In this section we introduce a category of algebraic varieties that will be used to 
generalize the Radon transformations of constructible functions in [7,8]. The construc- 
tion of such a category is similar to that of the category QAJ defined in Quillen’s paper - 
[16, Section 21. 
Definition 1.1. Given varieties X, Y and M, an ordered pair a of maps p : M + X 
and q : A4 ---t Y 
a:xbLf~ Y 
is called a divergent diagram from X to Y. Sometimes the notation a = (p : M : q) 
will be used. If CI is a divergent 
a symmetric divergent diagram. 
The term “divergent diagram” 
Remark 1.2. The reverse of the 
a* : Y&&X. 
diagram from X to itself and p = q, then we call ct 
is used in the theory of dynamics (see [6]). 
divergent diagram a := (p : A4 : q) is 
The diagram IX* := (q : A4 : p) is a divergent diagram from Y to X. It is different 
from the divergent diagram a. 
Definition 1.3. Let a = (p : M : q) and E’ = (p’ : M’ : q’) be two divergent diagrams 
from X to Y. We say that the divergent diagram a is isomorphic to the divergent 
diagram a’, denoted by a w a’, if there exists an isomorphism h : M -+ M’ such that 
the following diagram commutes: 
h Y 
i.e., p = p’ o h and 4 = 4’ 0 h. 
238 L. Ernstriim et al. /Journal of Pure and Applied Algebra I20 (1997) 235-254 
Note that the relation - is an equivalence relation. We denote the isomorphism class 
of a divergent diagram CI by [a]. 
Definition 1.4. The composite p o c1 of two divergent diagrams 
a=(p:M:q):XtM-+Y and p=(~:N:s):YcN-+Z 
is defined using the following diagram: 
where M xy N is the fiber product of q : M + Y and r : N + Y, and prl and pr2 
are the projections. Then the composite /? o GI is defined by: 
/iocc:=(poprl :MxyN:sopr2). 
Now we are ready to define the divergent category Div of compact complex algebraic 
varieties. 
Proposition 1.5. There is a category Div defined by the following data: 
(i) the objects Obj(Div) consist of all compact complex algebraic varieties, 
(ii) for two objects X and Y, the morphisms HOi?l&X, Y) consist of the isomor- 
phism classes of divergent diagrams from X to Y. For [CC] E HOF?ZDiu(X, Y) and [fl] E 
HOmDi”(Y,Z); we define the composite [/?I 0 [a] by 
[p] 0 [CC] I= [B 0 a] E HOmDi”(xZ). 
We shall call this category the divergent category of algebraic varieties. 
Proof. We have to show the following three statements (the proofs are straightforward 
using the properties of a fiber product and therefore omitted). 
(1) The composite [/3] o [a] is well-defined; i.e., it is independent of the choice of 
the representatives in the isomorphism classes [a] and [p]: i.e., if M. - a’ and /? - /?’ 
then p o 01 N /?’ o M’. 
(2) The composite operation is associative, i.e., [y] o ([/I] o [a]) = ([y] o [PI) o [a] for 
any divergent diagrams CI : X 8- M 3 Y, B : Y L N 5 Z and y : Z L L z W. 
(3) The composition law has units: let 1~ := [ex] be the isomorphism class 
of the “identity” divergent diagram ex : X 5 X 2 X. Then, for any morphism 
[CC] E HOmDi”(X, Y), and for any morphism [p] E HOmDiv( W,X), we have that 
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[a] 0 1~ = [a] and 1~ o [/?I = [PI; i.e., the equivalences M. o 1~ N GI and 1~ o /3 N /3 
hold. 0 
Remark 1.6. Correspondingly, for categories of topological spaces, real analytic varie- 
ties, etc., we can define divergent categories, provided that the fiber product is closed 
in the category; i.e., if three objects X, Y and Z belong to the category then the fiber 
product X xz Y also belongs to the category. 
Definition 1.7. Let f : X -+ Y be a morphism and let Tf be the graph of the morphism 
f. Then the divergent diagram X 8 Tf 4 Y, where p and q are the restrictions of 
the projections, is called the graph divergent diagram off; and is denoted by yf. 
Observation 1.8. We note that the graph divergent diagram yf of f is isomorphic to 
the divergent diagram 1 f > := (idx : X : f ) : X ‘2 X L Y. 
Next we show that the usual category Var, of complex algebraic varieties, can be 
embedded into the divergent category Div. 
Theorem 1.9 (The graph fimctor r). Let T : Var -+ Div be the map dejined as follows: 
(i) for an object X E Obj( Var), define T(X) := X, and 
(ii) for a morphism f E Homv,,(X, Y), dejine T(f) by 
T(f) := [YJ E HomdX, Y), 
where [yf] is the isomorphism class of the graph divergent diagram yf. Then the map 
T : Var + Div is a faithful covariant functor. 
Proof. (1) To prove covariance we have to show that r( f o g) = r(f) o T(g), given 
g E Homv,,(X, Y) and f E Homv,,( Y,Z). By definition, T(f o g) = [yfOs] and T(f) o 
T(g) = [of] o [ye] = [yf o ye], hence we have to show that Yfos N yf o ys. We can 
show this directly, but using Observation 1.8 above, it suffices to show that 1 f o g > N 
1 f > o 1g >. By the definition of 1 f > o lg > we have the following diagram: 
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We note that X x y Y is the graph Ts of the map g : X --+ Y. The map prl : I’, -+ X 
is an isomo~hism and the following diagram is clearly commutative: 
Thus, we have the equivalence of If o g >N If > o /g >. 
(2) To prove faith~l~ness we have to prove, given f,g E ~~~~=~(~, Y), that r(f) = 
T(g) implies that f = g. By definition r(f) = T(g) means that [rr] = [rs], which 
means that If >N jg > via Observation 1.8. This means that there is an isomorphism 








This means that h = idx and hence f = g. q 
Similarly, we can show the follow~g. 
Theorem 1.10 (The reverse graph functor r*). Let I’* : Vur -+ Div be a map dejined 
as follows: 
(i) for each object X E Obj(Var), T*(X) =X, and 
(ii) fir a morphism f E ~om~~~(X, Y), r*(f) is deemed by 
r*(f) := @I E: ffoww(Kn 
where $ is the reverse of the graph divergent diagram yf. Then the map r* : Var -+ 
Div is a faithful contravariant functor. 
Remark 1.11. Theorem 1.10 can be shown similarly as in the proof of Theorem 1.9, 
but we can easily see this because the map * : Div --+ Div, taking the reverse, is a 
faithful contravariant functor. 
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Remark 1.12. Any divergent diagram a = (f : A4 : g) : X t M 4 Y can be expressed 
as the composite ]g > o < f] of the divergent diagrams ]g > and -C f]. 
2. The Radon functor 
We shall here define a covariant functor from the divergent category Div to the 
category Ab of abelian groups. We will denote the covariant Cmctor of constructible 
functions with push-forward by &, to emphasize the covariance. Given a morphism 
f : X + Y the push-forward is denoted f* : F(X) + F(Y). With the pull-back 
f * : F(Y) + y(X) the constructible functions become a contravariant functor, which 
will be denoted by F*, to emphas’ ize the contravariance. Motivated by the Radon 
transformations of constructible sheaves [3], and constructible functions [7, 8, 191, we 
introduce the Radon functor FRud : Diu t Ab. The Radon functor FRad special- 
izes, when restricted to the faithful subcategories r( Var) and r*( Vur), to the co- 
variant functor 2% : Vur + Ab and the contravariant functor 9” : Viz- + Ab, 
respectively, 
Definition 2.1 (Radon transformations). For a divergent diagram 
we define the homomorphism SrRud(a) : F(X) + F(Y) to be the composite q* o p*, 
where 
(i) p* : F(X) + F(M) is the pull-back, i.e., p*(l) := II o p, 
(ii) q* : F(M) + F(X) is the push-forward, which is defined by 
q*(NY) := c awX(cl-‘(Y) n W), 
W 
where a = Cw aw 1 w and each W is a subvariety of M. 
We call this homomorphism PRud (a) the Radon transformation associated to CI. 
The reverse Radon transformation associated to a, is defined to be the Radon trans- 
formation Pad (a*), where LX* : Y LM 3X. 
It is easy to see the following. 
Lemma 2.2. Let C : X kf- A4 2 X be a symmetric divergent diagram. Let W be a 
subvariety of X. Then we have 
(9 
~R”d(wlW>(Y> = 1 XWYY)) if Y E w 0 if Y e w, 
in particular, 
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(ii) if p is surjective and the Euler-Poincart! characteristic x(p-‘(y)) of each 
jiber p-‘(y) is equal to 1, then FRad (C) = l~cx) the identity homomorphism on the 
abelian group of constructible functions on X. 
Theorem 2.3. The map k rRad * Div + Ab dejined below, is a covariant functor. . 
(i) For each object X E Obj(Div) set 3~ CRad(X) := F(X), the abelian group of 
constructible functions on X. 
(ii) For a morphism [a] E Horn&X, Y), set FRad([~]) := Fraud, the Radon 
transformation. 
We call the functor & CRad : Div -+ Ab the Radon functor. 
Proof. We have to show: (1) that %Rnd ([a]) is well-defined, and (2) the functoriality 
of the map %Rad : Div -+ Ab. 
(1) Let CI : X 8 M 4 Y be isomorphic to CC’ : X L M’ % Y, i.e., there is an 
isomorphism h : A4 + M’ such that p = p’ o h and q = q’ o h. Then we have 
%,--Rad(a) = q*p* 
= (q’ o h)*( p’ o h)* 
= (q’)z&h*(p’)* 
=(q’)*(p’)* (since h*h* = ly(~j) by Lemma 2.2 (ii)) 
= %--Rad@‘). 
Thus, the definition of %R”d([~]) := %Rad( M. is independent of the choice of the ) 
representative from the isomorphism class [a]; i.e., %R”d([a]) is well-defined. 
(2) Let a : X P M 3 Y and /I : Y L N -% Z be two divergent diagrams. We want 
to show that %“IRQd([p] o [a]) = %R”d([/I]) o %R”d([a]). It follows from the definition 
of composition in Div that %R”d([/3] ~[a]) = %R”d([jo~]). By (l), it suffices to show 
that %Rud(p o CI) = %R”d(/3) o %Rad(~). Recalling the definition of the composite /I o CI 
(using the same symbols as in Definition 1.4) and the definition of %Rnd(/I o a), we 
have that 
FRad(p 0 LX) = (s 0 pr2Mp 0 prl I* 
= s*(prMpr* )*p*. 
Here we recall the following lemma. 
Lemma 2.4 (Emstrom [8, Proposition 3.51). If the following square is a jiber square; 
i.e., W is the jiber product off : Y + X and p : Z + X and q and g are the 
L. Ernstrtim 
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w 9 *.z 
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4 I I P 
Y-X 
f 
then it holds that p* f * = g*q’. 
Proof. Given a subvariety V of Y, it suffices to prove that p*f*(l y) = g*q*( 1 y). 
Fix z E 2 and set x = p(z). Then by definition we have that 
(off*) = x(f-r(x) n V and (@*q*(lv))(z) = &-t(z) n q-r(V). 
Furthermore, since W is the fiber product Y XX 2, we have that g-‘(z) = f-‘(x) x z. 
We see that g-‘(z)nq-‘(V) = (f-‘(x) I- V) x z. Thus, we have that (p*f*(l))(z) = 
(g*q*(A))(z); i.e., p*f*(ly) = g*q*(ly) since z is an arbitrary point of Z. q 
We apply this lemma to the following fiber square: 
we have that (~r2)*(pr1)* = r*q*. Thus, we get that 
Pyp 0 Lx) = (s 0 prz)*(p 0 prl)* 
=s*pr21:prl*p* 
= s*r*q* p* 
= FR”‘(P) 0 sP”$a). III 
Corollary 2.5. The Radon functor FRad is related to the push-forward 95 and the 
pu~l-~a~~ F* via the graph functor r : 
(i) FRd 0 r = Fi : Far -+ Ab 
(ii) SRad o (r*) = R* : Far i Ab. 
Next we give some specific examples of divergent diagrams. 
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Example 2.6. (1) A divergent diagram II : X c X x Y 3 Y is called a product 
divergent diagram. For W a subvariety of X we have that FRad(II)( 1 w ) = x( W)l r. 
Thus, pRad(II)(J) = ~(J.)lr, where ~(2) = ~~a~~(~) if I = ,&awlw. 
(2) A Grassmannian divergent diagram is a diagram rk : PN if- Ik 3 Grk(PN), 
where Grk(PN) is the Grassmannian of k-dimensional planes of the projective 
space PN, 
& := (@,I) E PN X Grk(PN) / X E E} 
is the kth incidence variety and p and 4 are the restrictions of the projections. A specific 
description of the topological Radon ~nsfo~ation 9Ra”d(G) of the ~assma~i~ 
divergent diagrams is one of the main results of Ernstrom [7,8]. We will get back to 
this topic in Section 4. 
(3) Let X be a variety and let cr : E + F be a homomorphism of vector bundles E 
and F of ranks e and f over X. Let k be any integer such that 0 < k 5 min(e, f ). 
Then the degeneracy locus &(a) of the bundle homomorphism (T is defined by (see 
[I 11): 
i.&(b) := {x E X / rank(o(x)) 5 k}. 
Let Hom(E,F) be the vector space of all the homomorphisms from E to F. Since for 
any non-zero scalar c E C, the complex numbers, &(a) = &(CCr), we consider the 
projective space P(Hom(~,F)). Then we consider the following incidence variety: 
I, := {(&a) E x x P(Hom(E,F)) 1 rank(+)) 5 k}. 
A diagram of the following type is called a degerteracy divergent diagram: 
&(E, F) : X 8 & 3 P(Hom(E, 8’)). 
It would be interesting to find a specific description of the topological Radon transfor- 
mation LCT~~~(LI~(E,F)). By the definition we see that 
(~R”d(dk(~,F))(IW))(LT) = X(w n Dk(o)). 
Thus, the problem is equivalent to finding the Euler characteristic of the degeneracy 
loci of a homomo~hism of vector bundles. Parusiriski and Pragacz [ 15,163 have found 
a formula for the Euler characteristic degeneracy loci &(q) for generic 9. 
Remark 2.7. For a divergent diagram a : X e M 3 Y the composite a* o CY of a and 
its reverse a* is a symmetric divergent diagram from X to itself. In the case of the 
above Grassmarmian divergent diagram 
Ernstrom [S, Proposition 3.61 gave an explicit description of F’&(rz 0 rk): For a 
constructible function 2 E y(PN), 
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In particular, when k = N - 1 we have 
FRud(T;_, or,_,)(A) = A+ (N - l)x(A)l,~. 
This was previously proved by Viro [ 191. The above formulas are closely related to 
the problem of finding inversion formulas for Radon transforms (see [IS]). 
Remark 2.8. There is a dual notion of divergent diagram, which we denote by con- 
vergent diagram. For a convergent diagram, 
one considers the homomorphism q* o p* : F(X) + F(Y), which is also called a 
topological Radon transformation. The Radon transformation q* o p* is equal to the 
Radon transformation associated to the divergent diagram X c X xM Y P,” Y because 
of the following fiber square: 
and Lemma 2.4: q*p* = (p~)*(pr~)* : F(X) + F(Y). Thus, as far as we are 
concerned with Radon transformations of constructible functions, it suffices to consider 
divergent diagrams. 
Remark 2.9. In a natural way we can make the category Div additive. Let a : X P 
I I 
A4 3 Y and /l : X e M’ 3 Y be two divergent diagrams. Then the summation 
operation CI + p is defined by 
cc+p:xpL%4pf , q+q’ -+ Y, 
where A4 HM’ is the direct sum and p+p’ and q+q’ are the direct sums of morphisms. 
We define the summation [a] + [/I] to be [~1 + B]. Then Homoi”(X, Y) becomes an 
additive monoid group with zero element 0 : X + 8 -+ Y, where 8 is the empty set. 
Now, by group completion, we can get an abelian group, denoted Homoi”(X, Y)+, the 
construction of which is standard and so omitted. We denote the inverse of the class 
[a] of the divergent diagram CY :X c A4 3 Y, by -[a] := [-a]. Here 
-a:X’-P-M-4’Y 
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is a virtual divergent diagram, where -M is the virtual variety and -p and -q are 
virtual mo~hisms. 
Let us call the following enlarged category the additive divergent category and 
denote it by ADiv: 
Obj(ADiv) = Obj(Div) = Obj( Var), 
Ho~~~i~~(X, Y) = Hom&n(X, Y)+. 
Then we can naturally extend the topological Radon functor gRad : Div + Ab to 
the additive divergent category ADiv as follows: define gRad : ADiv --f Ab by 
@@d(X) = a(x) 
and 
S(m[a] + n[P]) = rnSRUd([M]) +n9R”d([p]). 
If we assume that Horn&X, Y) is a set for any objects X, Y, then 
i.e., the free abelian group generated by HomojD(X, Y). In particular, Ekzrt~~i~(X,X) 
becomes a ring, which is the so-called Hecke ring over X. 
In fact, we can always assume that Homojo(X, Y) is a set because, as the referee 
pointed out, the Radon transform 9’ud([~]), associated to a divergent diagram G( : 
X 8 A4 -% Y, is equal to the Radon transform of a correspondence between X and Y. 













if f*l,,, = CaVIV then we have the following identity of homomorphisms of con- 
structible functions: 
Proof. First, note that for any point p in N, we have that 
x(Jc%)) = x ar. 
V containing p 
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Thus, for any subvariety T of N, we get 
f*f*w = ~avlmv. 
Therefore, for any subvariety W of X, we deduce 
4*p*1w = (G->*(rf)“(lw) =s*f*f*r*(lW) = s*f*f*(l,-l(w)) 
=s* c avl,, r-‘(w) 
=Cap(sl~)*(rlv)*(lMI). 17 
Next, for a divergent diagram X 8 M -% Y, we define a map 
and extending linearly. Then for a commutative diagram as in Lemma 2.10 we use 
P and the push-forward of cons~ctible functions to defme a push-fo~ard f* : 
ffow.m,(x, Y> + ff~mm,GK Y> by 
f*(K + M -+ Yl) = W*(h4.l)), 
and extending linearly. 
We apply the lemma with N =X x Y and f = p x q. 
Proposition 2.11. Let CI : X P M 3 Y be a divergent diagram. Then 
SYQd(cI) = @“d((p x q)*a). 
3. Verdier-type Riemann-Roth and homological Verdier-Radon transformations 
The Chern-Schwartz-MacPherson transformation C* is a transformation from the 
functor of constructible functions F to homology groups H* with coefficients in Z. 
Using the Radon ~~sfo~ations of cons~ctiblc functions and the Ch~-Schwa- 
MacPherson ~ansfo~ation we will construct a homological Radon transformation. 
Definition 3.1. A divergent diagram CI : X e M 5 Y is said to be smooth if X, M 
and Y are smooth and tl is said to be Ezder if furthermore the morphism p : M ---t X 
is Euler; i.e., the constructible function 1~ on M satisfies the local Euler condition 
(see [ 12, p. 771). The latter means that 1 M is an element of the bivariant group of 
constructible functions F(A4 --) X). 
For details about bivariant groups of constructible functions, see [l, 121. 
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Definition 3.2. Given a smooth divergent diagram CI : X P A4 5 Y, the composite 
HRqx) := q* 0 p! : H*(X; Z) + H*( Y; Z) 
is called the homological Radon transformation. Here q* : H*(M; Z) + H*(Y; Z) 
is the usual push-forward and p! : H*(X; Z) + H*(M; H) is the usual Gysin homo- 
morphism defined by p! = 9~ . p* .9;‘, where $3~ : H*(Z; H) + H*(Z; Z) is the 
Poincart duality isomorphism for a smooth variety Z. 
Given a smooth divergent diagram c( : X P M 3 Y, the following diagram is not 
always commutative: 
However, the drawback of the above (non-commutative) diagram can be remedied 
by introducing the following Verdier-Gysin homomorphism. 
Definition 3.3. Given a morphism f : X + Y of compact smooth manifolds X and 
Y, denote by c(Tf) the total Chem class of the virtual relative tangent bundle Tf := 
TX - f *TY. The homomorphism 
c(Tf) n f! : H*(Y; Z) + H&L; Z) 
is called the Verdier-Gysin homomorphism and denoted by f !! with a double 
shriek. 
Remark 3.4. It is straightforward to see that, just like the Gysin homomorphism, the 
above Verdier-Gysin homomorphism is mnctorial; i.e., for morphisms f : X + Y and 
g : Y + Z, we have that 
(sf )!! = f !!g!!. 
To check functoriality, we need to observe that for a cohomology class /3 of Y, 
f !(P n s!) = f *P r-l (sf )!. 
This functoriality and the Verdier formula of [12, Section 10.4, pp. llO-1111, imply 
that C* is a natural transformation from the contravariant functor F* to the con- 
travariant homology functor with the Verdier-Gysin homomorphism, on the category 
of smooth varieties with Euler morphisms. 
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Definition 3.5. For a smooth divergent diagram a : X 8 M 1 Y, the composite 
HV-R”d(a) :3 q* 0 p!! : H*(X; Z) --t H*(Y; Z) 
shall be called the homological Verdier-Radon transformation. 
Theorem 3.6. For an Euler divergent diagram CI : X c M 3 Y the following diagram 
commutes: 
Proof. The result follows from the fact that the diagram below is commutative: 
F(X) c, H&W) 
P’ 
I I c(T,)nP’ 
P-_(M) _ ~H@4Z) 
The top square is commutative because of the Verdier formula of Fulton-MacPherson 
[12, Section 10.4, pp. 1 lo-1111. The bottom square is commutative because of Mac- 
Pherson’s theorem which states that the Chem-Schwarz-MacPherson class C* com- 
mutes with push-forwards [14]. 0 
The Verdier formula is a consequence of the fact that there is a bivariant ver- 
sion of Chem-Schwartz-MacPherson transformation C*. Brasselet extended C* to a 
Grothendieck transformation from the bivariant theory of constructible functions to the 
bivariant homology theory [l]. The proof in [12], on the other hand, occurred before 
Brasselet’s construction in [ 11. 
Bivariant Chern classes. There exists a Grothendieck transformation y : F -+ H from 
the bivariant theory F of constructible functions to the bivariant homology theory H 
such that ifX is smooth, then 
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where c(TX) is the usual Chern cohomology class of the tangent bundle TX and [X] 
is the fundamental class of X. 
A bivariant version of the Verdier formula can be stated as follows. 
Proposition 3.7. Let M and X be smooth compact complex algebraic varieties and let 
f : A4 +X be an Euler morphism. Then the following equality holds in H(M + X): 
I = c(Tf) n b-1, 
where lf is the canonical orientation for the bivariant constructible function group 
F(M -+ X), the class [f] is the canonical orientation for the bivariant homology 
group H(M + X) and Tf := TM - f *TX is the virtual relative tangent bundle of 
the morphism f. 
Proof (cf. [12, Section 6, Proposition 6A]). We consider the following diagram, where 
the elements at the arrows are bivariant homology classes of the corresponding mor- 
phism. Composing these classes, the diagram is commutative, except possibly at the 
bottom triangle, where commutativity is to be proved. 
c(T,J’ 
The proof goes as follows: 
c(Tf).[f].y(lx) = c(TM).f*c(TX)-‘.[f].y(lx) (since c(Tf) 
= c(TM).f *c(TX)-‘) 
= c(TM).[f].c(TX)-‘.y(lx) (since f *c(TX)-‘.[f] 
= [f].c(TX)-‘) 
= c(TM).[f l&U (since y( lx) = c(TX).[X]) 
= c( TM).[M] (since [f].[X] = [Ml) 
= r(kW) 
zzz Y(lf).Y(lX) (since 1~ = lf.1~). 
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Thus, we get that c(Tf).[f].y(lx) = y( lr).y( lx). Now, since the operation ( ).y( lx) 
is an isomorphism, we conclude that c(Tf).[f] = y( lf). 0 
Remark 3.8. We will here use Brasselet’s Grothendieck transformation of bivariant 
theories to define compatible Radon transforms of constructible functions and homology 
groups for more general divergent diagrams. Suppose that M : X P A4 4 Y is a 
divergent diagram, where p is not necessarily Euler. If there is a nonzero element bp in 
the bivariant group of constructible functions F(M 5 X) then there is a homomorphism 
b* : 9(X) + F(M) 
defined by composing f * with multiplication by bp. We define a Radon transform of 
constructible functions as the composition: 
Fffd(Cc) : F(X) 4 F(M) % F(Y). 
This Radon transform is of course dependent on the element bp. However, for a certain 
class of morphisms, named “Sans tclatement en codimension 0” in French by Hemy 
et al. [ 131, there is a unique constructible function bp in F(M -f+ X) such that, over 
a Zariski open dense set of M, the constructible function bp is equal to one. If p is 
Euler then bp = 1, and 9pd = FRad. The Grothendieck transformation y applied to 
bp is a bivariant class 7(bP)Pin H(M 3 X). The class y(b,) induces a homomorphism 
y(b,) : f&(X; Z) + f&Of; Z> 
compatible with bP. Define a Radon transform of homology groups as the composition: 
Hgqa) : H*(X) yY H*(M) % H*(Y). 
The axioms of Grothendieck transformations [12, Section 21, imply the commutativity 
of the following diagram: 
Therefore, the two Radon transformations FRad bP (a) and Hr(a) are compatible via C*, 
and if p is Euler then ZYr(a) is equal to the homological Verdier-Radon transform 
P-Rad(Cc). 
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4. A formula for the Grassmannian homological Radon transform of the 
Chern-Mather class 
As mentioned in the introduction, Ernstriim [7, 81 studied the topological Radon 
transformation of the Grassmannian divergent diagram rk : PN p Ik 3 Grk(PN). 
Given a reduced subvariety X of P N, he gave an explicit description of the image of 
the local Euler obstruction EUX, a constructible function on PN, under the topological 
Radon transformation qRud(rk). The k-dual variety Xlk) is defined as the closure in 
Grk(PN) of the following set: 
{L E G?-k(p)] th ere is a point x ~~~~~~~~ nL, and a hyperplane H > TX,, H > L}. 
Let elk) be the generic value of FRad(Eux); i.e., eck) = x(X nL,EuX) for a generic k- 
plane L. Set n = dimX and II tk) = dim(Xlk)). The main result is the following formula. 
Theorem 4.1 (Ernstriim [8, Theorem (3.2)]). 
PRad (Eux ) = e lk) lCrkCP~) + (- l)n+k(N-k)-n’k’E~X(k). 
The special case when k = N - 1 in the above formula is an alhrmative solution to 
a conjecture due to Viro [19, 6D, p. 1321. 
Definition 4.2. For a constructible function CI on a variety X the integer x(X, a) shall 
be called the topological Euler characteristic of the constructible function a: 
x(X, a) := 
s 
C*(U), the degree of the 0th component of C*(a). 
x 
Here C* : 9(X) + H*(X; Z) is the Chem-Schwartz-MacPherson homomorphism. 
In particular, x(X,Eux) is the degree of the 0th component of the Chern-Mather 
class C&X) of the variety X. 
Lemma 4.3 (Emstrom [7, Proposition 4.131). Let CI be a constructible function on 
PN. Then 
X(PN, co. 
The following formula (a generalized Plucker relation) follows from Theorem 4.1 
and Lemma 4.3. 
Theorem 4.4 (Emstrom [7, Theorem (4.14)]). Let X be a closed subvariety of PN. 
Then we have 
+ (-l)“+k(N-k)-“‘~‘~(X(k),Euxc~) ). 
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By the definition of the topological Euler characteristic of constructible functions, 
the above Plucker formula may be written as follows: 
or 
s CM(X(k, ) = (_ 1 )n+k(N-k)w , 
where s CM(Z) denotes the degree of the 0th component of the Chern-Mather class 
CM(Z). This means that the degree of the 0th component of the Chern-Mather class 
of the kth dual variety X@) can be described via the degree of the 0th compo- 
nent of the Cherr-Mather class of the source variety X. What we want to do is 
to describe the total Chem-Mather class of the kth dual variety X@) via the total 
Chem-Mather class of the source variety X. This naive wish was the very start of the 
present work. Now that we have Theorem 3.6, the solution for this problem follows 
immediately. 
Theorem 4.5. Let X be an n-dimensional reduced subvariety of PN. Then we can 
describe the image of the total Chern-Mather class of the k-dual variety Xlk) in the 
Grassmannian Grk(PN) as follows: 
(ix(k) >*CM(X’~ > 
= (_ 1 )n+k(N-k--n@) 
{q*(c(T,) n p!(ixWM(X)) - e(k)CiM(Grk(PN ))}, 
where ix(k) : Xlk) + Grk(PN) and ix : X + PN are the inclusion maps. 
Proof. It follows from Theorems 4.1 and Theorem 3.6. Note that p : Ik + PN is 
Euler, because it is a locally trivial fibration with non-singular fibers. 0 
Remark 4.6. Theorem 4.4 is a special case of Theorem 4.5. This follows by consider- 
ing the 0th component of the formula in Theorem 4.5, and the fact that the top Chem 
class of Tp is equal to the Euler characteristic of the fibers of p; that is (i). _ 
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